ASYMPTOTIC STABILITY OF LATTICE SOLITONS IN 
THE ENERGY SPACE 



TETSU MIZUMACHI 



Abstract. Orbital and asymptotic stability for 1-soliton solutions to 
the Toda lattice equations as well as small solitary waves to the FPU 
lattice equations are established in the energy space. Unlike analogous 
Hamiltonian PDEs, the lattice equations do not conserve momentum. 
Furthermore, the Toda lattice equation is a bidirectional model that 
does not fit in with existing theory for Hamiltonian system by Grillakis, 
Shatah and Strauss. 

To prove stability of 1-soliton solutions, we split a solution around 
a 1-soliton into a small solution that moves more slowly than the main 
solitary wave, and an exponentially localized part. We apply a decay 
estimate for solutions to a linearized Toda equation which has been re- 
cently proved by Mizumachi and Pego to estimate the localized part. We 
improve the asymptotic stability results for FPU lattices in a weighted 
space obtained by Friesecke and Pego. 



1. Introduction 

In this paper, we study asymptotic stability of solitary waves to a class of 
Hamiltonian systems of particles connected by nonlinear springs. A typical 
model of these lattice is Toda lattice 

(1) q(t, n) = e -(?(*.n)-g(t,n-l)) _ e -(9(t,n+l)-«(t,n)) for f £ R and n £ ^ 

where q(t,n) denotes the displacement of the n-th particle at time t and 
denotes differentiation with respect to t. Let p(t,n) = q(t,n), r(t,n) = 
q(t, n + 1) — q(t, n), u(t, n) = \r(t, n),p(t, n)) and V(r) = e~ r — 1 + r. Toda 
lattice (pQ) is an integrable system with the Hamiltonian 

H(u(t)) = £ (ip(t, nf + V(r(t, n))\ , 

(see [7]) and it can be rewritten as 

(2) ^ = JH\ul 



where 

J 



dt 

e 9 - 1 
1 - e~ 9 



and e ±9 = e^en are the shift operator defined by (e ±9 )/(n) = f(n ± 1) for 
every sequence {/(n)} ne z and H' is the Frechet derivative of H in I 2 x I 2 . 
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Toda lattice (|2|) has a two-parameter family of solitary waves 

M = {u c {t + 5) | c> 1, 5 G M} , 

where u c (t,n) = u c (n — ct), u c (x) = (r c (x),p c (x)) and 

, , ~ r \ i cosh{«;(x - 1)} 

(3 q c {x) = log , 

cosn kx 

(4) p c (x) = -cd x q c (x), f c (x) = q c (x + 1) - q c (x), 

and k = k(c) is a unique positive solution of c = sinh/t/K. 

Friesecke and Pego (9J [TO] have proved asymptotic stability of solitary 
waves to FPU lattice in a weighted space assuming an exponential linear 
stability property (HI) below. 

To state the assumption explicitly, we introduce several notations. Let 1% 
be a Hilbert space of Resequences equipped with the norm 



mm 



Let (u,v) := ^2 ne z( u ^( n ) u ^( n ) + v i( n ) v 2(n)) for M -sequences u = (ui,U2) 
and v = (vi,V2) and ||u||/2 = ((u, u)) 1 / 2 . 

(HI) Let a > be a small number. There exist positive numbers K and 
/3 such that if 

(5) (v(s), J- 1 u c (s)) = J-^UcOO) = 0, 
then a solution to 

nil 

(6) - = JH"(u c (t))v 
satisfies 

(7) ||e a( - ct) u(t, < Ke-^*- s )||e a (- cs )«(s)||p for every f > s. 

Remark 1. Solutions "u c (i) and d c u c (t) to ([6]) correspond to infinitesimal 
changes on t and c and they do not decay as t — > oo. Since J~ l ii c (t) and 
J~ 1 d c u c (t) are the corresponding neutral modes to the adjoint equation 

^ = tf> c (t)) j™, 

the condition (HI) says that a solution to ([6]) decays exponentially as t — > oo 
if it does not include neutral modes u c (t) and d c u c (t). 

Remark 2. In ([5]), we set 



so that J -1 is a bounded operator in l 2 _ a . (Note that u decays exponentially 
as n — > ±oo if u G l\ a and a > and that ||e~ 9 ii||j2 = e _a ||ti||^2 .) Since 

u c and d c u c decay like e - 2K l n - c *l as n — > ±oo, we have J~ l ii c , J~ 1 d c u c G / 2 a 
for every a G (0, 2k(c)). 
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Friesecke and Pego prove in [9] that solitary waves to FPU lattice are asymp- 
totically stable in l\ if (HI) holds. They have also proved in |XQ(, [TT] that 
small solitary waves of FPU lattice can be approximated by KdV solitons 
and that they satisfy (HI). In [18], we use the linearized Backhand transfor- 
mation to show that every 1-soliton of Toda lattice satisfies (HI) and prove 
that it is asymptotically stable in l\ without assuming smallness of solitons. 

Our goal in the present paper is to prove asymptotic stability of 1-solitons 
in/ 2 . 

Theorem 1. Let cq > 1, To € M and let u(t) be a solution to ^fy with 
u(0) = u Co (to) + vo. For every e > 0, there exists a positive number 5 > 
satisfying the following: If \\vo\\p < 5, there exist constants c + > 1 and 
a 6 (1, c+) and a ^-function x{t) such that 

hm \\u(t) - u c+ (- - x(t))\\ p(jit(rt) = 0, 
sup(|c(t) - c | + \x(t) - c |) = O(||-y ||/2), 
lim c{t) = c+, lim x(t) = c+. 

t— >oo t— >oo 

Remark 3. By a simple computation, we see dH(u c )/dc > and lim c ^i H{u c ) = 
(see e.g. |24j). So we have arbitrary small 1-solitons in I 2 . However, small 
solitary waves do not belong to an exponentially weighted space if c is close 
to 1 because u c (t) decays like e - 2K ( c )\ n ~ x ( t )\ as n — > oo and lim c ji k(c) = 0. 
Thus from Friesecke and Pego [SI El QUI E] and Mizumachi and Pego [TH] , 
we cannot see whether a solitary wave can be stable under perturbations 
which include small solitary waves. Theorem Q] and Theorem [2] below insist 
that a solitary wave does not collapse by small perturbations including other 
solitary waves. 

Since Benjamin [lj and Bona [2] studied stability of KdV 1-solitons, a 
lot of results have been obtained on stability of solitary waves to infinite 
dimensional Hamiltonian systems (see [5] and references therein). In those 
results, they utilized the fact that the Hamiltonian systems have another 
conservation law (like momentum for KdV and charge for NLS) and a soli- 
tary wave solution is a local minimizer of the Hamiltonian among solutions 
whose momentum or charge is the same as the solitary wave solution. 

However, Toda and FPU lattices are bidirectional models like Boussinesq 
equations (see HI HO] ) such that a solitary wave solution is a saddle point 
of the sum of Hamiltonian and the momentum multiplied by the speed of the 
solitary wave whose second variation has infinite dimensional indefiniteness. 
Furthermore, a solution to Toda lattice does not conserve momentum in 
general because Noether's theorem is not applicable to spatial variable n E 
7L. Hence stability of solitary waves does not follow from the theory of 
Hamiltonian system by Grillakis, Shatah and Strauss |13[ [H] and Shatah 
and Strauss [23]. For the same reason, it is not possible to use a Liouville 
theorem like [15j to prove asymptotic stability of solitary waves. 

Luckily, solitary waves for a class of lattice equations including the Toda 
lattice equation separate from each other as t — > oo. As can be seen from 
([3]) and (jH), speed of solitary waves which move to the right is larger than 
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1 and the larger a solitary wave is the faster it moves, whereas the absolute 
value of group velocities are less than 1. So a solution to ([2]) is decoupled 
into a train of solitary waves and a remainder term as t — > oo. 

Friesecke and Pego [SJ [9j QUI CD] utilized this fact and prove asymptotic 
stability of solitary waves to FPU lattice in an exponentially weighted space. 
They decompose a solitary wave as 



ulation parameters of the speed and the phase shift of the main wave, re- 
spectively. They prove that a solution which lies in a neighborhood of Ai is 
absorbed into Ai exponentially in Z^-norm as t — > oo. Their proof basically 
follows the idea of Pego and Weinstein [21J and impose the symplectical 
orthogonality condition J5| on jj. One of the difficulty to use their method 
in the energy space is that J~ 1 d c u c tends to a nonzero constant as n — > oo 
and ([5]) is not well defined for v E I 2 . 

Our strategy is to decompose v(t) into the sum of a small solution v\(t) 
of (|2j) and V2(t) that is driven by an interaction of u c and dispersive part of 
the solution. Since V2(t) is exponentially localized in front, we can estimate 
v 2 (t) by using exponential linear stability (J7]) . Since v\ (t) moves more slowly 
than the main solitary waves, it locally tends to around the solitary wave. 
To fix the decomposition, we impose the constraint 



instead of 

Recently, Martel and Merle [16] give a direct proof of the asymptotic 
stability results in H l (M) for generalized KdV solitons based on a virial 
identity (which first appeared in Kato [H]). Because the Toda lattice and 
KdV equations have a similarity that the dominant solitary wave outruns 
and is separated from other part of solutions as t — > oo, their idea seems 
promising. We prove a virial lemma [Lemma [9] in Section [3] for v\{t) and 
apply local energy decay estimates for other part of the solution instead of 
proving a virial lemma around solitary waves. This enables us to prove our 
results without numerics whereas [EJ [[6] need some numerical computation 
to prove positivity of a quadratic form. We expect our proof is applicable 
also for Hamiltonian PDEs like KdV equation by using the renormalization 
method by Ei [6] and Promislow [22] (see [T7] for an application to the 
generalized KdV equation in a weighted space). 

Now, let us consider asymptotic stability of solitary waves to FPU lattice 
equations. It is interesting to see whether solitary waves to non-integrable 
lattices are robust to perturbations in the energy class. Let u(t, n) = 
%r(t, n),p(t, ri)) be a solution to 




(v, J- l u c (-f)) = K J _1 a c u c (7)) = o 



(9) 



— = JH' F (u) for t 6 M, 



where 
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and Vf is a potential satisfying 

(H2) V F eC 4 (K;K), V F (0) = V F (0) = 0, V£(0) >0, Vp'(0) ^ 0. 

If c > c s := \/V^(0) and c is sufficiently close to c s , Friesecke and Pego [8] 
show that there exists a unique solution u c (x) 

(10) - cd x u c {x) = JH' F (u c {x)) for x G M 

up to translation and its profile is close to that of a KdV soliton. We remark 
that a solitary wave solution u c (n — ct) has small amplitude and satisfies 
dH(u c )/dc > if c > c s and c is close to c s . See Friesecke and Wattis [12 1 
for existence of large solitary waves. Friesecke and Pego have proved in [11] 
that small solitary wave solutions of ([9]) satisfy (HI) and are asymptotically 
stable in I 2 . Assuming (H2), we can prove orbital and asymptotic stability 
of small solitary waves in I 2 exactly in the same way as Toda lattice. 

Theorem 2. Suppose (H2). Let 5* be a small positive number and let 
Co G (c s ,c s + 5*) and tq G R. Let u(t) be a solution to Q with u(0) = 
u Co (to) + vq. Then for every e > 0, there exists a 5 > satisfying the 
following: If ||uo||z 2 < 6, there exist constants c+ > c s and a G (c s ,c+) and 
a C 1 -function x(t) such that 

\\u(t) - tt co (- - x(t))\y < e, 
hm \\u(t) - u c+ (- - x{t))\\ p{n ^ t) = 0, 

sup (|c(i) - c | + \x(t) - c |) = OOI^oIIp), 

lim c(t) = c+, lim x(t) = c+. 

Our plan of the present paper is as follows. In Section O we introduce a 
variant of the secular term condition for solutions in the energy class and 
some estimates that will be used later. In Section El we derive modulation 
equations of x(t) and c(t) and prove 

(11) m = 0(\\V!{t)\\w + \\Mt)\\x) 

for some weighted space W C I 2 Pi l 2 _ a and X C l 2 .. On the other hand, we 
show that 

poo 

(12) / (\\vi(t)\\w + \\v2(t)\\x) 2 dt<\\v \\ 2 2 
Jo 

by using a virial lemma for v±(t) and a local energy decay estimate (Corollary 
[6] in Section [2]) for v 2 (t). Combining ((HJ) and with 

(13) \\v{t)\$<C{\\vo\\p + \c(t)-co\l 

which follows from the convexity of the Hamiltonian and the orthogonality 
condition, we will prove Theorem [TJ In Section (H we give a brief proof of 
Theorem [2j 

Finally, let us introduce some notations. For a Banach space X, we denote 
by B(X) the space of all linear continuous operators from X to X. We use 
a < b and a = 0(b) to mean that there exists a positive constant such that 
a < Cb. 
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2. Preliminaries 

Let u(t) be a solution to ([2]) which lies in a tubular neighborhood of A4. 
We decompose u(t) as ([8]). Since u c = —cd x u c {- — ct) = JH'(u c ), it follows 
from © and ([3]) that 

;^c(*)(7(*)) =c{t)d c u c{t) {n - x{t)) - x{t)d x u c{t) (n - x{t)) 



dt 



--JH\u c {t))+c{t)d c u f Mt)) + ^^L^ ^wCTft))- 



Thus by the definition of u, 

(14) - = JP> c(t) ( 7 (i)))<;(i) + /i(t) + N^t), 
where 

ii(t) = - c(t)d c u cit) ( 7 (t)) - a( * ) c ~ c( * ) t tc(f )( 7 (t)), 
JVi(t) =J{#'K w ( 7 (t)) +«(t)) - ff'K (t) ( 7 (t))) - ff> c(t) ( 7 (t))Mt)} . 

Let P c (i) be a spectral projection associated with a subspace of neutral 
modes span{-u c (i), d c u c (t)} and let Q c (t) = 1 — P c {t). Then for v £ I 2 
(0 < a < 2k(c)), 

P c (i> = 0(c)(u, r l u c {t))d c u c {t) - 9(c)(v, J~ l d c u c {t))u c {t), 

where 6(c) = (dH (u c ) / dc))~ l . We remark that the projections P c (t) and 
Q c (t) cannot be defined on I 2 because J~ 1 d c u c does not decay as n — > 00. 

Now, we decompose v(t) into the sum of a small solution to ([2]) and a 
remainder term that belongs to I 2 for some a > 0. More precisely, we put 
v(t) = v\(t) + f 2 (t), where 

(15) <£ = ■«'(<*>. 



and ^(i) is a solution to 
(16) <( ~dT " 



Vl(0) = Vq, 



JH"(u c(i) ( 1 (t)))v 2 + h(t)+N 2 (t), 



«2(0) = <£ Co (t ) - y c ( )(7(0)), 

where jV 2 (t) = JVi(i) - JH'( Vl (t)) + JiJ"(u c(t) ( 7 (t)))ui. To fix the decom- 
position, we will impose the constraint 

(17) (v(t),J- 1 u c(t) ( 1 (t))}=0, 

(18) (v 2 (t),J- 1 d c u c{t) ( 1 (t)))=0. 

We remark that u(t) — v\(t) remains in I 2 for every < a < 2k(cq) and 
t £ R. More precisely, we have the following. 

Proposition 3. Lei cq > 1, to G M and uo G / 2 . Let 6e a solution to 
([2]) satisfying u(0) = u co (ro) + t>o and Zei v\(t) be a solution to (|15|) . T/ien 

u(i) 6 C 2 (M; l 2 ) and u(t) — v\(t) £ C 2 (]R; I 2 ) for < a < 2k(cq). 
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Proof. By |9], we have u, m G C 2 (R;Z 2 ). Let u 3 (i) = u(t) - ui(t). Then 
^3(0) G n < a<2K(co )/ 2 and 

(19) d ^ = J{H ' {u )-H'{v{)). 

Let u(t) = %r(t),p(t)), vi(t) = *(n(i),pi(i)) and let 

F(it,vi) 



r— n 
1, 



Then we have F(tt,«i) G C^R;^ 2 )) for every a G [0, 2k(co)) and (|19p can 
be rewritten as 

(20) ^ = JF(u, Vl )v 3 . 

By [91 Appendix A], we see that there exists a unique solution V3 G C 2 (R; Z 2 n 
ia) to & for ever y ° G [0,2k(c )). Thus we prove u - vy G C 2 (R;Z 2 ) for 
every a G [0, 2k(cq)). □ 

If u(t) and u(t) — v\{t) lie in a tubular neighborhood of a solitary wave 
in Z 2 and Z 2 respectively, we can find modulation parameters c(t) and 7(t) 
satisfying (fTTj) and (TTH1). 

Lemma 4. Ze£ Co > 1, To G R, 70 (i) = t + to and a G (0, 2k(co)). Let 
u(t) be a solution to © and let v\(t) be a solution to (|15|) . Then there exist 
positive numbers 8q and 81 satisfying the following: If 

sup (\\u(t) - u C0 ( 70 (t))||p + e- aco ^\\u(t) - u C0 ( lQ (t)) - < 8 

for some < Ty < T 2 < 00, ZTiere exists (c(t),-y(t)) G C 2 ([Ti, T 2 ]; R 2 ) 
satisfying ([17]), ((TBJ) and 

sup (|7(t)-7o(t)| + |c(t)-co|) <5i. 

te[T u T 2 ] 

Especially, it holds |c(0) — co| + l'y(O) — tq\ = O(||uo||;a). 
Proof. Put 

(21) Fi(«,«,c,7) := (u-u c ('y),J~ 1 u c ('y)), 

(22) F 2 («,«,c,7) := (n - u c ( 7 ), J" 1 a c n c ( 7 ))). 
Then 



d(F 1 ,F 2 ) / . . . . . /d 



(«co (7o), tico (7o), Co, 70) = - -rH{u CQ ) / 



2 



a( C , 7 ) ™,u„~cowu„~u, ,uy ^ 

Let C/((5 ) ={(n,u) G Z 2 x Z 2 : ||u-n c (7 )||,2 +e- ac7o ||n-u c (7 )|| / 2 < <5 } and 
B{8%) := {(c, 7) G R 2 : |c — co| + I7 — 7o| < <5i}- Using the implicit function 
theorem, we see that there exists positive numbers 80 and 8± and a mapping 

$:U(6q) 3 (u I fi)K(c l7 ) G%) 

satisfying Fi(it, u, u)) = ^(u, u, <3?(u, u)) = 0. Since Ft and F 2 are C 2 
in (n,n,7,c) G f7((5 ) X #(<5i), we have $ G C 2 (£/"(5 )). 
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Let (c(*),7(t)) = *(u(t),«(t) -«i(t)) for i G [Ti,T 2 ]. Then c(t) and 
7 (i) satisfy ([TT]) and (fT8j) and are of class C 2 because G C 2 (£/(<5o)) and 
(u(t),u(t) -vi(t)) G C 2 (]R;[/(5o))- Furthermore, we have 

|c(i)-co| + | 7 (t)-7o(i)| 

<||n(t) - u co ( 7 o(t))||/ 2 + e- aco ^)||u(t) - u co ( 7 o(i)) - ^(i)^. 

Especially for i = 0, we have |c(0) — cq\ + (7(0) — tq| = O ( 1 1 uo Hz 2 )- This 
completes the proof of Lemma HI □ 

To estimate the exponentially decaying part of a solution, we will use the 
following decay estimate for non-autonomous linearized equations. 

Lemma 5 ([TDIHB]). Let c > 1, a G (0,2k(c )) andb{a) := ca- 2 sinh(a/2). 
Lei Uo(t,r)(p be a solution to 

(23) (!-»»■ 

Then for every b G (0, 6(a)), there exists a positive number K such that for 
every (p G Z 2 and t > r, 

e --o(^)|| C/o (t 5r )Q c ( r ) ¥3 ||^ < K e -^-)||^||^. 

□ 

Now let 7 = 7(i) be a C 1 -function and let t7(t, t)vq be a solution to 

(24) j^=7^'W7)K 

If a modulation parameter j(t) is an increasing function and j(t) is bounded 
away from 0, we have the following. 

Corollary 6. Let cq, a, b and K be as in Lemma\^ and letO < T < 00. Sup- 
pose inf te[0iT ] j(t) > 1/2, ip G l\ and (ip, J~ 1 « Co (7( 7 "))) = (<P, J^^cUcoilif))) 
0. T/ien 

||Lr(i,r)^|U {t) < i<:e-^ T )/ 2 |MU (r) /or < r < t < T, 
where ||v||x(t) := e _ac ° 7 ^^ ||«||j2 . 

Proof. Let s = j(t), t\ = 7(7") and v(s) = v( / y~ 1 (s)). Then for s G [0, 7(T)], 
(if 

— = JH"(u C0 )v and v(s) G Range QcoC 8 )- 
Lemma [5] and the fact that j(t) > 1/2 imply 

IK*)l|x(t) =e- ac °i£( S )|| zl ^e-^-^J-^lbH^ 

<Ke- 6 (*- T )/ 2 e- aCQ7 W||^||^. 
This completes the proof of Corollary El □ 

We can estimate ||v(t)||j2 by applying an argument from [9j that uses the 
convexity of Hamiltonian and the orthogonality condition (|17[) . 
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Lemma 7. Let u{t) be a solution to ([2]) satisfying u(0) = u Co (tq) + vq. Then 
there exist positive numbers 5 2 and C satisfying the following: Suppose there 
exists T G [0, 00] such that v(t) satisfies © and (fT7]) for t G [0,T] and 
su Pte[o,T] K*) - c o I + II Hp <S 2 . Then 

(25) Ht)||p<C(|c(i)-co| + ||«o||, a ) fort€[0,T\. 

Proof. By $Tfl), we have (H'(u c{t) ( 7 (t))),v(t)) = (J" 1 ^^)), v(t)) = 0. 
Since H(u(t)) does not depend on t, it follows from the convexity of the 
functional H and the above that 

5H :=H(u C() (t ) + v ) - H(u co ) 

=ff(« c(t) (7(t)) + u(t))-ff(« CD ) 

=ff(« c(t) ) + (^ / (« c(t) ( 7 (t)))^(t)) + ^"K (t) ( 7 (t)))^(t),Kt)) 
-#( U< J + 0(K*)||? a ) 

> |lK*)llf 2 - C'l^) - co| + 0(|| W (t)||f 2 ), 

where C is a positive constant. Noting that \5H\ = O(||t>o||z 2 )> we have ([25]) 
for a C > 0. □ 

Because I 2 C T for every r G [2, 00], Lemma [7] allows us to control every 
/ r -norm with r > 2. 

3. Proof of Theorem [1] 

First, we derive from (|17p and (|18|) a system of ordinary differential equa- 
tions which describe the motion of modulating speed c(t) and phase shift 
x(t) = c(t)j{t) of the main solitary wave. 

Lemma 8. Let u(t) be a solution to (|2|) and v\(t) be a solution to (|15p . 
Suppose that c andj are C 1 -functions satisfying (fTT|) and (fT8|) on [0, T] and 
inf te [ ,T] c(i) 

> 1. T/ien it holds for t G [0,T] that 

c(t) = 0(\\v 1 (t)\\ 2 v{t) + \\v 2 (t)\\x(t))^ 

x(t) - c(t) = 0(|M*)lk(t) + (IKOIh* + \\vi(t)\\i2)\\v 2 (t)\\ x{t) ), 

where \\u\\ w{t) = (£ neZ e'^ ^-^ |u(n)| 2 ) 1/2 ; ||«|| X (t) = e-^Hja 
and a is a constant satisfying < a < inf tg [ ,r] K ( C W)- 

Proof. Differentiating (|17p with respect to t and substituting (|14p into the 
resulting equation, we have 

^(u, J -1 u c (7)) 

=(v, J _1 -d c (7)) + -(«, J _1 n c (7)) + c(v, J~ l d c u c (i)) 
c 

=(JH"(u c ( 7 ))v, J- 1 n c ( 7 ))) + (v, J- 1 n c ( 7 )) 

+ (h + Nx, J- 1 ^)) + (~ ~ l) <«, J^ 1 « c (7)> + c(v, J- 1 9 c n c ( 7 )) 
=0. 
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Substituting u c = JH" (u c )u c and J* = —J into the above, we have 
(26) 

c^j c H{u c ) - (v, J- 1 a c u c ( 7 ))| - (~ - lj (v, Jailed)) = (Ni, J^udri))- 



Differentiating (|18f) with respect to t, we have 
— (u 2 , J _1 9 c n c (7)) 

=(v 2 , J _1 d c u c ( 7 )) + ^(u 2 , J _1 9 c n c (7)) + c(u 2 , J~ l dlu c (-y)) 
=(JH"(u c ( 7 ))v 2 , J- 1 5 cUc (7))) + <«2, J- l d c ii c (l)) 

+ (h + N 2 , J- 1 5 c « c ( 7 )) + (f " i) <«2» «/ _1 9 c u c (7)) + c(« 2 , J- 1 a c 2 n c ( 7 )) 
=0. 

Substituting d c u c = JH" (u c )d c u c into the above, we obtain 

(f - 1) {^(«c) + -r^M-y))} + c(v 2 , J^d'u^)) 

= -(N 2 ,J~ 1 d c u c (l))- 

Since |JVi(i)| < \v(t)\ 2 and | J^u^t, n)| < e - 2/ <c)k-*(*)l as n -> oo, we 
have 

(JVi, j- 1 ^)) =o(ll«(t)||^ (t) ). 

Let JV 2 (t) = iVi(t) + iV 2 (i) + N 3 (t), where 

ATi(t) =iVi(t) - JH'(v(t)) + Jw(t), 
AT 2 (t) =JH'{v{t)) - JH'{ Vl (t)) - Jv 2 (t), 
N 3 (t) =J (if"(n cW ( 7 (t)))-l) Vl (t). 

We put G(v) := H'(v) - H'(0) - H"(0)v so that JG(v) denotes a part of 
iVi(i) that does not interact with the solitary wave « c ( 7 )- Since \u c (t,n)\ < 
e -2«(c)|n-a!(t)| and a < inf tg[0 T] k(c(*)), we have ||ii c (t)W 2 || xw < 1 -n- 

Hence by the definition of N\ and N 2 , 



v \\W{t)- 



(28) \\N x {t)\\ x{t) = \\Ni(t) - JG(v(t))\\x(t) < Mt)\\w(t), 

(29) \\N 2 (t)\\x(t) =\\JG(v(t)) - JG( Vl (t))\\xw 

<(lb(i)ll^ + lhWII^)lh(t)IU (t ). 

We see from © and (jU) that H"{u c ) - 1 decays like e _2 ' s l n ~ 9: (*)l as n — > ±oo 
and for a £ (0, k(c(£))), 

(so) ll^3(t)IU ( t) < lkiWlk( t )- 
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Let |MU( t) * = e ax ^\\u\\ l2 _ a and \\u\\ w{t y = C£ neZ e«^\ n - x ^\ \u(n)\ 2 y/ 2 . 
In view of ([26]), ([27]) and the fact that 

sup {\\J~ X U c u)^{t))\\ W , t y + ||J" 1 9 c U c(t) (7(t))|| V i/ (t ).) < oo, 
*6[0,T] 

sup (||J _1 9 c n c(t) (7(t))|| x(i) , + ||J _1 9 2 -u c(i) (7(t))|| x(t) ,) < cx>, 
te[o,T] 

we have 

W ^) W °(ik*)iiw \ 

■* w ^(t) - c(i); Vo(lbiWllw (i) + (Mt)\\p + \\vi(t)h)\\Mt)\\x {t ))) ' 

where A(t) = diag(dH (u c ) / dc, dH{u c )/dc) + 0{\\vi{t)\\ w(t) + \\v 2 {t)\\ X (t))- 
We have thus proved Lemma □ 

Since v\{t) is smaller than the main wave, it moves more slowly and will 
be separated from the main wave. The following is an analog of virial lemma 
for small solutions in Martel and Merle |16|. 



Lemma 9. Let vi(t) be a solution to (I15p . 

(i) Suppose vo G I 2 . Then sup tgK ||t>i(i)|| < C||uo||p, where C can be 
chosen as an increasing function of ||t>o||/2. 

(ii) Let c\ > 1 and x(t) be a C 1 -function satisfying inf 4e RX t > c\. Then 
there exist positive numbers ao and 5 3 such that if a £ (0,oq) and 

< 5 3 , 

\\Mt) 1/2 vi(t)\\p + f Uaifyv^Wlds < \\M0) 1/2 v \\ 2 „ 



where ip a (t, x) = 1 + tanha(x — x{t)) and $ a (t, x) = a 1 ! 2 sech a(x — 

m- 

Corollary 10. Let v\(t) be a solution to (|15f) . For every c\ > 1, there exists 
5 3 > such that lim^oo IK(*)l|p(„.> Cl t) = if ||w ||p < 5 3 . 

Proof of Lemma{^ Since v\(t) £ C 2 (R;Z 2 ) is a solution to (|15j) . we have 
H(vi(t)) = H(vq) for t 6R. Noting that V(x) is coercive and inf| x | <fi |x| _2 y(x) 
> for every R > 0, we have 

6'\\v(t)\\p < H(v(t)) = H(vq) < C(\\v y)\\v \\ 2 2 , 

where C can be chosen as an increasing function of ||t>o||z 2 an d 5' is a positive 
constant depending only on ||fo||;2- 
Next, we prove (ii). Put 

v x {t) = Xn(t,n), Pl (t,n)), hi(t,n) = ^Pi(t,n) 2 + V(ri(t,n)). 

By ([2]) and the fact that there exists a C > such that for every n£Z, 

n(t,ri) 



V(ri(t,n)) 



< C\\v \\i2\ri(t,n)\ , 



2 

y'(r 1 (t,n))-r 1 (t,n)| < C||vo||, a |ri(t, n)|, 
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we have 
d 



nez 

n) 



< 



J2 Pl (t,n)V'(n(t,n- 1)) (Mt,n- 1) - i> a {t,n)) +^d t il; a {t,n)h 1 {t, 
x t (t) 



^2ijj a (t,n) 2 pi(t,nf 



2 

+ (1 + C'KHp) Y, \Mt, n - 1) - ^ a (t, n)| |pi(t, n)n(t, n - 1)| 
_ (i _ C"||«o||p) Y Mt, n - l) 2 n (t, n - l) 2 , 

where C is a positive constant. Let 83 and a be sufficiently small numbers. 
Since inf Xt > c\ > 1 and 



sup 



V> (i, n) - Va(*, « -JO _ x 



■0a(t,n) 2 

there exists a 5 > such that for t £ [0, T], 



0(a) as a J, 0, 



(31) — M> ri)h!(t, n)<-6Y M, nf( P i{t, n) 2 + n (t, n) 2 ). 
Integrating (j3Tj) over [0,t], we have 

Yip a (t,n)h 1 (t, n) + ^y~] / ^ a (s,n) 2 (pi(s,n) 2 + ri(s,n) 2 )<is 

< J^ o (0,n)/n(0,n) < Ibollp. 



We have thus proved Lemma □ 

Proof of Corollary \JU Let C2 G (l 3 ci) and let = Then by Lemma 
El we have ||fi(t)||;2 (n > C2t ) < ||'0a(O) 1/2 'Uo||z2 ■ Let n (i) = [(ci-c 2 )t], a largest 
integer which is smaller than (ci — C2)i. Then we have no(t) — ► 00 as t — > 00 
and 

IK(*)lh a (n>cii) <lbl(^ • + ra (i))ll/ 2 (n>c 2 i) 

<||^a(0,-) 1/2 «0(-+no(t))|| ia . 

Letting £ — > 00, we have limi_ i . 00 ||ui(i)||p( n > Clt ) = 0. This completes the 
proof of Corollary [TU1 □ 

Next, we will show the decay estimate of vi- 

Lemma 11. Let cq > 1, a € (0, k(co)/3) and (54 fee a sufficiently small 
positive number. Suppose that the decomposition (J5J), (fTTl) and (fTHl) exists 
/ori G [0,T] and i/iai ||«o||ja +sup tg j 0jT ] (|c(i) — cq| + \x(t) — cq\) < 64, where 
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x(t) = c(t)7(t). Then 
(32) 



\\Qc(t)(l(t))v 2 (t)\\x(t) < C (e- bt / 4 \\v Q y +£e-^- s )/ 4 || Vl ( S )|| w(s) ^ , 
for t G [0, T], and 



(33) j( l|«2(t)||x(t)^<C[Kllp. 

where C is a positive constant independent of T and \\v\\x(t) an d \\ v \\w(t) 
are as in Lemma\^ 

Proof. Let v 2 {t) := Q c (t)(7(*))«2(*) and u>(i) = QcoCtX*))^*), where 7(i) = 
x(t)/co. Here we choose ^(t) so that it c ( t )(7(i)) and ii Co (7(t)) have the same 
phase shift and for < a < min(K(c(t)), k(co)), 

HQc(t)(7(t)) " Q«*(7(t))llB(j 2 ) = 0(\c(t) - c |). 
By (H7D and ([IB]), 

52(«) =^(i) - 0(c(*))M*) s J- 1 « c (7(t)))5 c u c ( 7 (t)) 
! " ' ' =v 2 (t) + 0(c(i))(vi(t), J- 1 n c ( 7 (t)))9 c n c ( 7 (t)). 

Thus we have 

^ = JH"(u c(t) )^(t))v 2 + h(t) + l 2 (t) + l 3 (t) + N 2 (t), 

where 

h(t) =j t {e(c(t))(vi(t), J- 1 n cW ( 7 (t)))5 c n c(t) ( 7 (t))} , 
h(t) = - e(c(t))( Vl (t), J- 1 u cW ( 7 (t)))9 c u cW ( 7 (0). 

Since 

' d_ 

Jtt 

we have 

w - iJH"(u C0 (?y))w =Qco(l) {v 2 - 7Ji^"(n C0 ( 7 ))i)2} 



— - 7 JiJ"K (7)),Q Co (7) 



0. 



=Qco(7)i E i*+ E M' 

[l<fc<4 l<fc<3 J 

where 

i 4 (t) =J{ff"(tt c(t) (7(t))) - H"(u co m)))} v 2 (t) 

-ti(t)-i)jH"( Uco m)))v 2 (t). 

In view of Lemma[51 we have for a E (0, 2/t(c(t))), 

(36) \\h\\x(t) < ll^i(t)lk(*) + (II^WIlF + lki(*)ll^ + lk2(t)IU(*))lk2(t)IU w - 

By (fT5l) and the fact that J _1 u c (7), ■^J~ 1 u c ( , j), d c u c (j) and ^.d c u c {^j) 
decay like e - 2K \ n ~ x ( t )\ as ra _ > ±00, we have 

(37) IIM*)IU(t) < ll«i(t)lk(t). 
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Similarly, we have 

(38) \Mt)\\ X (t) < \\vi(t)\\ W (t)- 

Since x(t) = coj(t) = c(t)j(t), 

\Mt)\\x(t) <(|c(t) - co| + \x(t) - co\)\\v 2 (t)\\ x(t) 

'"" ' <h(\\vi(t)\\w(t) + \\v2(t)\\x(t))- 

Let U (t, s) be a flow generated by 

Applying Corollary © to ([35]) and substituting P%j) - (|3ni) and we 

have 

\\w(t)\\ X (t) 

<||C/(t,0M0)|U (t) +^ / ||^(t, S )Q C0 (7( 5 ))/ fc ( 5 )|U(t) 

'o 



fc=i 1 



+ J2 I \\U(t,s)Q C0 ^(s))N k (s) 
k=i Jo 

<e- bt ' 2 \\w(0) |U (0) + f e- b ^l 2 \\v 2 ( t 
Jo 

b(t - s)/2 {\\Ms)\\w { s) + (*4 + KWIIp + IM*)||rOIM«)ll* w } 



(s)l| x(s) ds 



i 

e" 



Here we use \\u\\ w(t) < \\u\\p and \\u\\ w(t) < \\u\\ x{t) for a E (0, re(c(i))/2). 
By the definition of v 2 and w, 

(40) ll^(t)||x( t ) < IMi)Hx(t) + N(t)|| w(t) , 

(41) ||^(t)||x( t ) <lk(i)IU(t) + ll(Qc(*)(7(i)) " Qco(7(t)))^WIIx(t) 

<\\Mt)\\x(t) + Ht)-c \\\v 2 (t)\\x(t)- 

If (54 is sufficiently small, Eqs. (jlOj) and ([IT]) imply ||v2(*)||x(t) ~ ll^Wllxft) 
and 

(42) \\v2(t)\\x(t) < lkWIU w + IhWIW 

It follows from Lemmas El (i) and that |K(t)||p + IMOIIp ^ ho\\p + 
|c(i) — Co I - Thus as long as sup 0<s<t ||«>(s)||x(s) — v^4> we have 

IK*)llx(t) <e- bt/2 \\w(0)\\ x{0) 

(K(a)|| ww + V^lhWkw) ^. 
Applying Gronwall's inequality, we have 

(43) IHi)IU( t ) <e- (6/2+O( ^ I)) *||^(0)|U (0) 

+ re- (6/2+0( ^ )){t - s) ll-i( S )ll^)^. 



e 
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By the definition of w, (fT6j) . ([34"]) and Lemma HI 

(44) lh(0)||x(0) < ll«2(0)||x(o) + \\vi(0)\\p £ INIIp- 

In view of Lemma [9] (i) , (03]) and (JHJ), we have ||w(£)||x(t) ^5 Ibollz 2 = 0(64) 
and (j4^1) persists for t £ [0, T] if £4 is sufficiently small. Thus by (]4"T]h 
we have (j32]) Combining ([32]) , (|34l , and Lemma [9] (ii) and using Young's 
inequality, we have 

\\ v 2{t)\\L 2 {0,T;X(t)) i$ll u o||{2 + || e~ & '/ 4 1| L i ( 0>T ) || ||L 2 (0,T;TV(t)) 

^IKIIp- 

We have thus completed the proof of Lemma [TTl □ 

Now, we are in position to prove the following proposition. 

Proposition 12. Let cq > 1, to G M and fe£ n(i) 6e a solution to ([2]) with 
u(0) = u co (to) + t>o. For every e > 0, i/tere exists a positive number 8 > 
satisfying the following: If ||vo||z 2 < 8, there exist a constant c + > 1 and a 
C 1 -function x(t) such that 

(45) ||u(t) -n C0 (- -s(t))||,a < e, 

( 46 ) ll u (*) ~ ^ c +(' ~ x ( t ))IL 2 (n>x(t)- J R) = for every R>0, 

(47) sup (|c(t) - c | + \x(t) - c |) = 0(||«o|| /3 ), 

(48) lim c(t) = c+, lim x(t) = c+. 

Proof. Let (5s = mini<j<4 5j and 

T := sup{t : ©, HZ]) and {IS]) hold for < r < t} , 



Ti := sup <^ < T : ||u ||p + sup (|c(r) - c | + |i(r) - c |) < 05 

I 0<T<t 

If 8 is sufficiently small, Proposition [3] and Lemma H] imply that T\ > 0. We 
will show that To = T% for small 8. Suppose that t € [0, Ti). Lemmas EJ [9] 
and [TT] and (00]) imply 

(49) \x{t) - c(t)\ <||^i(i)lk( t ) + \\v2(t)\\ X (t) 

S\ v i( t )\\w(t) + ll«a(*)llx(t) < ||«o||p- 

By Lemmas 0] and [SJ 

|c(i) — co| < I c(0) — co| + / |c(s)|ds 

Jo 

\Vo\\p + J (\\ V l( S )\\w(s) + \\Ms)\\x(s)) ds - 



<\ 



In view of Lemmas [9] (ii) and [TTl we have 

(50) |c(i) -co| < \\vo\y. 

It follows from (|49|) and (|50|) that To = Ti if 5 is sufficiently small. 

Next, we will show that To = 00 for small 8. Suppose that for every 8 > 0, 
there exists vq such that ||t>o||p < 8 and To < 00. By Lemma [7] and ([50]) . 

(51) sup \\v(t)\\p < ||fo||p- 

te[o,T ] 
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Using ([10]) , Lemmas fTl] and [9j (i) , we have 

(52) SU P W v ^t)\\x(t) < sup (||«i(*)||w(t) + ll«2(*)llx(t)) ^ llwollp- 
V ' te[0,T ] K[0,T ] 

By ((511) and (52}, we get ||u(T )|| Z 2 + e^^l^To)]^ < ||v ||p. Hence it 
follows from Lemma H] that the decomposition ([8]), (fTTl) and (fTH]) can be 
extended beyond i = To if ||fo||z2 is small. This is a contradiction. Thus we 
prove To = oo for small «o £ I 2 . 

Let 5 be a small positive number such that To = T\ = oo. Then Lemma 
M (ii) and Lemma fTTl imply ||ui(i)||w(t) + ll w 2(*)||x(t) £ T 2 (0,oo). Thus by 
Lemma El we see that c(f) is integrable on [0, oo) and that there exists c+ 
satisfying lim^oo c(t) = c+. 

Next, we will prove (|46H . As in the proof of Corollary 1101 we can prove 
lim^oo ||ui(t)||ty(t) = 0. Combining this with ([5l]) . we have 

(53) lim x(t) = lim c(t) = c+. 

By ([10]). Lemma fTTl and the fact that ||fi(i)||jy(t) G T 2 (0,oo), 
IM*)l|x(t) ^\\Mt)\\w(t) + IMi)IU(t) 

^IMOIIw(t) + e~ bt/4 \\v \\i2 + sup |bi(s)||iy( s ) 

t/2<s<t 



(54) 



t/2 \ l ' 2 

( / lkl(s)Hw( s )^J ^° ast^oo. 



Since ||w2(*)||j2( n >a:(t)-fl) ^ ll«2(*)||x(t) for every i? > 0, Corollary [TO] and 
(j54"|) imply ([16]) . Combining this ([53]) and ([54]) . we have 

lim x(t) = lim c(t) = c + . 
We have thus completed the proof of Proposition fT2l □ 

Combining Proposition [12] and the monotonicity argument given in [16J, 
we obtain Theorem [TJ 

Proof of Theorem d Put 

%r(t,n),p(t,n)) := v(t,n), h(t,n) = ~p(t,n) 2 + V(r(t,n)), 

N 3 (t) = j{H\u c{t) ( 1 (t))+v(t))-H\u c(t) ( 1 (t)))-H'(v(t))} . 

Let a E (1, c + ), t\ > and x(t) = x(ti) + a(t — Let ip a (t, n) and ip a (t, n) 
be as in Lemma [0J Then 

=(H'(v(t)),Mt)v(t)) + ^ dtMt, n)h(t, n) 

n&L 

= £p(t, n)V'{r{t, n - l))(^ a (i, n - 1) - ^(t, n)) 

+ #>(*))) + (Va(i)iV 3 (i) ; F'K*))} + ^ 

ragZ 
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Here we use ^ = JH'(v(t)) + l\{t) + N^(t). Suppose that a > and 1 1 i^o 1 1 z 2 
are sufficiently small. Since ||t>(i)||/2 < ||uo||i2 follows from Proposition [T2l 
we see that there exists a 6' > 

j t Mt> n)h(t, n)<-5'^2 Mt, n) (f(t, nf + p(t, nf) 

n&L n<=Z 

+ (Mt)h(t),H'(v(t))) + {^ a (t)N 3 (t),H'(v(t))) 

in exactly the same way as the proof of Lemma By the definitions of h(t) 
and Ns(t) and Lemma El 

\N 3 (t)\<K(tMt)Ht)\, 
K/ 1 (t),^(^)))l<(l| Wl (t)ll H , (t) + lb 2 (t)ll x(t) ) 2 . 

Combining the above, we have 

^^2^a(h,n)h(t 1 ,n) + / (||ui(s)||iy( s ) + \\M s )\\x(s)) 2 ds 

<Y, Mh,n) (\ Vl (t u n)\ 2 + |v 2 (ii,n)| 2 ) + ! (\\vi(s)\\ w(s) + \\v 2 (s)\\x(s)) 2 ds. 

As in the proof of Corollary LT0| we have 

lim y^ijj a (t 1 ,n)\v 1 (t 1 ,n)\ 2 =0. 

On the other hand, Lemma [TT1 implies 

^ Va(ti,ra)|f 2 (ti,n)| 2 < |M*i)Hx(*i) ~* as ti ^ oo. 

Furthermore, Lemmas [9l and [TT1 and Proposition 1121 imply 



lim 



(IKWIIww + ll u 2( a )llxw)« fa = o- 



Combining the above, we obtain 

lim sup \\v{t)\\i2 {n>at) = 0. 

tl-»oo t > tl 

Thus we complete the proof of Theorem [TJ □ 

4. Proof of Theorem [2] 

In this section, we will prove orbital and asymptotic stability of solitary 
waves to FPU lattice ((9|). For a two-parameter family of solitary wave 
solutions {u c (t + 5) : c G [01,02], 6 G M} that satisfies the condition (Pl)- 
(P4) below, we can prove the orbital and asymptotic stability of solitary 
wave solutions in exactly the same way as Theorem [TJ 

(PI) There exists an open interval / such that V"(r) > for every r £ I 

and that {r c (x) : x 6 M} C I for every c G [c±, c 2 ]. 
(P2) There exists a > such that the map Mx [c\, c 2 ] B (t, c) i— > u c (i) G 
Z 2 n Z 2 „ is C7 2 . 
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(P3) The solitary wave energy Hp(u c ) satisfies dHp(u c )/dc ^ for c S 
[ci,c 2 ]. 

(P4) Let Co S [cx,C2] and a £ (0, 2k(cq/c s )). Let Uo(t,r)(p be a solution 
to 



linn V. 



(55) <( dt 

u(r) = yj. 

Then there exist positive numbers b and K such that for every (p £ 1% 
and t > t, 

e- ac °^\\u (t,T)Q c (T)<py a < Ke~ b ^yy a . 

Proof of Theorem [H If c > c s and c is sufficiently close to c s , there exists a 
unique solitary wave solution to (|1U|) up to translation ([8, Theorem 1.1]). By 
[SJ Theorem 1.1], we see that a solitary wave solution satisfies (PI) and (P3) 
if c is close to c s . Slightly modifying the proof of [H Proposition 6.1] and 
Proposition A. 3], we obtain (P2). Since (P4) holds for small solitary waves 
(see [TT] ) , Theorem [2] can be proved in exactly the same way as Theorem 

m □ 
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